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Abstract
We construct a positive constant curvature space by identifying some points
along a Killing vector in a de Sitter Space. This space is the counterpart of
the three-dimensional Schwarzschild-de Sitter solution in higher dimensions.
This space is of the topologyMD−1S1 and has a cosmological event horizon,
here MD−1 denotes a (D − 1)-dimensional conformal Minkowski spacetime.
By computing the Euclidean action of the space, we find that the entropy
associated with the space is proportional to the circle of S1. This entropy




In recent years people have been paying particular interest on the constant curvature
spacetimes. For the case of negative constant curvature space, namly the anti-de Sittter
(AdS) space, it should be mainly attributed to the celebrated AdS/CFT (conformal eld
theory) correspondence [1], which states that the string or M theory on an AdS space times a
compact space is dual to a strong coupling conformal eld theory residing on the boundary
of the AdS. For the case of positive constant curvature space, namely the de Sitter (dS)
space, one of the reasons responsible for the particular interest is that dened in a manner
analogous to the AdS/CFT correspondence, an interesting proposal, which says that there
is a dual between quantum gravity on a dS space and a Euclidean CFT on a boundary
of the dS space, the so-called dS/CFT correspondence, has been suggested recently [2].
Another reason is that our universe may be an asympotically dS spacetime [3]. However,
dierent from the cases for the asymptotically flat or AdS spacetimes, we have not yet a
fundamental description of asymptotically dS spacetimes in the sense of quantum gravity:
there is presently no fully satisfactory embedding of dS space into string theory [4].
In D( 3) dimensions, the AdS space has the topology S1RD−1. By identifying points
in the universal covering space of the AdS space in a some manner, one can construct various
spacetimes which are locally equivalent to the AdS space. It is well-known that the BTZ
black hole [5] just belongs to this kind of spacetime, which is constructed by identifying
points along a boost Killing vector in a three dimensional AdS space. Its counterparts are
discussed in four dimensions [6] and in higher dimensions [7], respectively. The topology
structure of the BTZ black hole is M2  S1, where Mn denotes a conformal Minkowski
spacetime in n dimensions. So the topology of the BTZ black hole is not peculiar, but its
higher dimensional counterparts have the topology MD−1S1 in the case of D dimensions,
which is quite dierent from the usual one M2  SD−2. These black holes look strange in
the sense that the exterior of black holes is time-dependent and there is no globally dened
timelike Killing vector in the geometry of these black holes [8]. So it is quite dicult to
discuss the thermodynamics associated with the black hole. In [9] we applied the surface
counterterm approach to a ve dimensional constant curvature black hole. It was found
that this approach works well and the resulting Euclidean action is nite, through which
we calculated the mass and entropy associated with the black hole. It is strange that both
of them are found to be negative, which seems to imply that the solution is quite unstable.
For other methods to study the constant curvature black holes, see [7,10].
On the other hand, a D( 3)-dimensional dS space has the topology R1  SD−1. Dif-
ferent from the AdS case, the dS space has a cosmological horizon and associated Hawking





where G is the gravitational constant in D dimensions, l is the radius of dS space and ΩD−2
denotes the volume of a (D− 2)-dimensional unit sphere. Due to this, it is argued that the
dS space should be described by a theory with a nite number eS of independent quantum
states; the cosmological constant  should be understood as a direct consequence of the
nite number of states eN in the Hilbert space describing the world [12,13]. Thus a natural
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consequence is that a necessary condition for a (coarse-gained) spacetime to be described
by a theory with eN states is that the entropy accessible to any observer in that spacetime
must obey [4]
S  N. (2)
According to the \  N correspondence" [13], the theory with eN states may describe
the set all((N)) of spacetimes: the class of spacetimes with positive cosmological constant
(N), irrespective of asymptotic conditions and types of the matter present [4]. Applying
the condition (1) to the candidate set all((N)), a suggestion named \N bound" has been
proposed in [13], which in four dimensions states: In any universe with a positive cosmological
constant  (as well as arbitrary additional matter that may well dominate at all times) the
observable entropy S is bounded by N = 3pi/G. Roughly specking, the \N bound" means
that the observable entropy in the spacetimes with a positive cosmological constant must
be less than or equal to the entropy (1). This \N bound" leads naturally to the Bekenstein
entropy bound of matter in dS spaces [14].
Similar to the negative constant curvature case, in this note we construct a positive
constant curvature spacetime by identifying points along a rotation Killing vector in a dS
space. Our solutions are counterparts of the three-dimensional Schwarzschild-dS solution in
higher dimensions, and have an associated cosmological horizon. There is a parameter in
the solution, which can be explained as the size of cosmological horizon. Calculating the
Euclidean action of the solution, we obtain the mass and entropy of the solution. It is found
that the entropy violates the conjectured \N bound".
II. CONSTRUCTION OF SOLUTION
As an example, we consider the ve dimensional case. A ve dimensional dS space can
be understood as a hypersurface embedded into a six dimensional flat space, satisfying
−x20 + x21 + x22 + x23 + x24 + x25 = l2, (3)
where l is the radius of the dS space. This dS space has fteen Killing vectors, ve boosts




5), where r+ is an arbitrary real constant. The norm is always positive or








2(ξ2/r2+ − 1). (4)















3 − l2. (6)
The null surface (5) has two pointwise connected brances, called Hf and Hp, described by
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The hyperboloid (6) has two connected surfaces, named Sf and Sp, dened as













3 − l2. (8)
We plot the dS space in Fig. 1. Each point in the gure represents a pair x4 and x5 with
x24 + x
2
5 xed. On the surfaces Sf and Sp, we have ξ
2 = 0, while ξ2 = r2+ on the surfaces Hf
and Hp of the two cones. In the region between S and H , one has 0 < ξ
2 < r2+, and ξ
2 > r2+
inside the two cones. Thus an observer located at the surface Sf or Sp cannot see events
which happen inside the cone with null surface Hf or Hp. That is, there does not exist any
communication between the inside the cones and outside the cones. Therefore, the surface
Hf can be regarded as the future cosmological event horizon and Hp as the past one.
Identifying points along the Killing vector ξ, another one-dimensional manifold becomes
compact and isomorphic to S1. Thus we nally obtain a spacetime with cosmological horizon
and with the topology M4  S1. The Penrose diagram of the positive constant curvature
spacetime is plotted in Fig. 2. Similiar to the case of negative constant curvature [7], we
may describe the spacetime in the region with 0  ξ2  r2+ by introducing six dimensionless



























, y2 = −y20 + y21 + y22 + y23. (10)
Here the coordinate range is −1 < yi < +1, and −1 < φ < +1 with the restriction





(−dy20 + dy21 + dy22 + dy23) + r2dφ2, (11)
which has the same form as the case of negative constant curvature [7]. However, it should
be pointed out here that the coordinates (9) and the denition of r are dierent from the
corresponding ones in the constant curvature black holes. In these coordinates it is evident
that the Killing vector is ξ = ∂φ with norm ξ
2 = r2. Thus in these coordinates one has r = 0
on the surfaces Sf and Sp and r = r+ on the horizons Hf and Hp. With the identication
φ  φ + 2pin, the solution has obviously the topology M4  S1.
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It is trivial to generalize the ve dimensional case to other dimensions. For the case of
an arbitrary dimensions (D  3), the dS space is a hypersurface satisfying
−x20 + x21 +   + x2D−1 + x2D = l2, (12)
in a (D + 1)-dimensional flat spacetime. Consider a rotation Killing vector ξ =
r+/l(xD∂D−1−xD−1∂D) with norm ξ2 = r2+/l2(x2D−1+x2D) and identify points along the orbit
of this Killing vector, we can obtain a positive constant curvature space with the topology







idyj + r2dφ2, (13)
where ηij = diag(−1, 1,    , 1) and i, j = 0, 1,    , D − 2.
Like the dS space, we can also introduce Schwarzschild coordinates to describe the solu-
tion. Using local \spherical" coordinates (t, r, θ, χ) dened as
y0 = f cos θ sinh(r+t/l), y1 = f cos θ cosh(r+t/l),
y2 = f sin θ sin χ, y3 = f sin θ cos χ, (14)
where f = [(r+ − r)/(r + r+)]1/2, and the coordinate range is 0 < θ < pi/2, 0 < χ < 2pi and
0 < r < r+, we nd that the solution can be expressed as
ds2 = l2N2dΩ3 + N
−2dr2 + r2dφ2, (15)
where N2 = (r2+ − r2)/l2 and
dΩ3 = − sin2 θdt2 + l
2
r2+
(dθ2 + cos2 θdχ2). (16)
In these coordinates r = r+ is the cosmological horizon. This solution is just the counterpart
of a ve dimensional constant curvature black hole in the Schwarzschild coordinates [7]. The
only dierence is that N2 = (r2 − r2+)/l2 there is replaced by N2 = (r2+ − r2)/l2 here. In
three dimensions, the corresponding induced metric is
ds2 = −(r2+ − r2)dt2 +
l2
r2+ − r2
dr2 + r2dφ2, (17)
After a suitable rescaling of coordinates it can be transformed to usually three-dimensional
Schwarzschild-de Sitter solution [15]. In (16), if θ = pi/2, it also reduces to the three-
dimensional Schwarzschild-dS solution.
Within the cosmological horizon dS space is time-independent in the static coordinates.
The solution (15) looks also static, but it does not cover the whole region within the cos-
mological horizon, which can be seen from the denition of coordinates (14) because they
must obey the constraint: y21 − y20 = f 2 cos2 θ  0,
As the black hole case, there is a set of coordinates which cover the whole region within
the cosmological horizon. They are [9]
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y0 = f sinh(r+t/l), y1 = f cos θ cosh(r+t/l),
y2 = f sin θ cos χ cosh(r+t/l), y3 = f sin θ sin χ cosh(r+t/l). (18)
In terms of these coordinates, the solution is described by
ds2 = l2N2 ~dΩ3 + N
−2dr2 + r2dφ2, (19)
where N2 = (r2+ − r2)/l2 and




2 + sin2 θdχ2). (20)
It can be seen from (20) that when θ = χ = 0, the solution will reduce to the three-
dimensional Schwarzschild-dS solution (17). Therefore the solution we constructed here
is the counterpart of the three-dimensional Schwarzschild-dS spacetime in ve dimensions.
Further it should be emphasized here that both sets of coordinates (14) and (18) can be
used within the cosmological horizon only. This can be seen from the metrics (15) and (19):
beyond the horizon the signature of the solution changes. It is certainly of interest to nd
a set of coordinates describing the outer region of cosmological horizon.
In D dimensions, the solution is
ds2 = l2N2d~ΩD−2 + N−2dr2 + r2dφ2, (21)
where N2 is still the one given before, and




Here dΩD−3 denotes the line element of a (D − 3)-dimensional unit sphere.
III. THERMODYNAMICS OF COSMOLOGICAL HORIZON
In this section we discuss the thermodynamics of the cosmological horizon for the solution
constructed in the previous section. The Euclidean sector of the solution can be obtained







2 + sin2 θdχ2). (23)
In order the d~Ω3 to describe a regular three-sphere, the τ must have a period β:
β = pil/r+, (24)
which is just the inverse Hawking temperature of the cosmological horizon.
In the coordinates (14), the Euclidean sector of the solution is (15) with
dΩ3 = sin
2 dτ 2 +
l2
r2+
(dθ2 + cos2 θdχ2), (25)
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and the inverse Hawking temperature is
~β = 2pil/r+, (26)
which diers from the temperature (24). This is not surprising because we have used dierent
time-like coordinates.
We consider the coordinates (23). Making a coordinate transformation r2 = r2+(1−R2/l2)














dR2 + R2(dϕ2 + sin2 ϕ(dθ2 + sin2 θdχ2)). (27)
This is evidently the Euclidean solution of de Sitter space in the static coordinates with the
Euclidean time r+φ. Since the φ has the period 2pi, so the solution (27) does not describe a
regular instanton. The regular instanton requires the Euclidean time r+φ has a period 2pil.
This implies that the solution (19) has a conical singularity along the circle φ if r+ 6= l.
Next we calculate the Euclidean action of the solution (23). The Euclidean version of
the Hilbert-Einstein action is








where G is the gravitational constant in ve dimensions and R is the curvature scalar. The
solution has a positive constant curvature R = 20/l2. Substituting this to (28), we have






















With this Euclidean action, we can compute the mass M and entropy S associated with the











The dierential form of the rst law of thermodynamics associated with the cosmological
horizon is
dM = TdS, (31)
where T = 1/β, while the integral form is 2M = TS. According to the dS/CFT corre-
spondence, the thermodynamics of the cosmological horizon might be identied to the one
of dual conformal eld theory. So it would be interesting to check whether the entropy of
the cosmological horizon can be expressed in terms of the Cardy-Verlinde formula [16]. By
denition, Ec = 5M − 4TS, the Casimir energy is
7
Ec = −3M = − 3pi
2G
lr2+, (32)
which shows that the entropy cannot be re-expressed in the form of the Cardy-Verlinde
formula. This is quite dierent from the case of cosmological horizon in the Schwarzschild-,
Reissner-Nordstro¨m-, and Kerr-de Sitter solutions [17]. Further the negative Caismir energy
seems to imply that the dual eld theory is not unitary. The heat capacity associated with







The positive heat capacity means that the cosmological horizon is thermodynamically stable,
but the dynamical stability of the solution is an open and interesting question.
Finally let us mention here that the parameter r+ is an arbitrary real constant, namely






of the ve-dimensional dS space. This conclusion holds as well even if r+ = l (in this case,
there is no conical singularity along the circle). This means that the entropy associated with
the positive constant curvature space violates the conjectured \N bound".
IV. CONCLUSION
We have constructed a positive constant curvature space by identifying points along a
rotation Killing vector in a dS space. This space is the counterpart of the three-dimensional
Schwarzschild-dS solution in higher dimensions. The constant curvature space has the topol-
ogy MD−1S1 and a cosmological horizon r+. The solution has a conical singularity along
the circle φ if r+ 6= l. Calculating the Euclidean action of the solution, we have obtained the
mass and entropy associated with the solution. It has been found that the entropy violates
the conjectured \N bound" of dS space.
The spacetimes violating the \N bound" have been also found in [4], which are of the
form dSpSq. There the important ingredient is flux, which is used to stabilize the product
metric with one large or non-compact factor. In our case, no other matter is present, the
solution is a quotient space of dS space.
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FIG. 2. The Penrose diagram for the positive constant curvature space.
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